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Probabilistic Power System Analysis
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P(x =2200) = (0.8)* = 0.4096 P(x =1100) = @] (0.8)*(0.2)* =0.1536
4
P(x =1650) = (1 j(0-8)3 (0.2)=0.409  p(y =550)= @)(0.8)(0.2)3 = 0.0256

P(x =0)=(0.2)* =0.0016
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The mean and the standard deviation of a discrete population probability
distribution are found by using these formulas:

p = ZxP(x); u is called the expected value of x

o= \/E(x — 1)*P(x) is called the standard deviation of x

where x 1s the value of a random variable,
P(x) is the probability of that variable, and

the sum X is taken for all the values of the random variable.
SD =.\|u

Note: y. is the population mean and o is the underlying population stan-
dard deviation because the sum X is taken over all values of the random
variable (i.e., the entire sample space).

Sl 12 55ks L3> bl a5 JLae Bl sl SD (standard deviation)
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Formula for the binomial probability distribution

!
P(r) = ————p'q" "= Cpup'q"
rl(n — r)!
where # = number of trials
p = probability of success on each trial
q = 1 — p = probability of failure on each trial
r = random variable representing the number of successes out of
n trials (0 = r = n)
! = factorial notation. Recall from Section 4.3 that the factorial
symbol n! designates the product of all the integers between
1 and #n. For instance, 4! = 4 -3 -2 -1 = 24. Special cases are
1! =1 and 0! = 0.
C.r = 'r'(nn—i:r)' is the binomial coefficient. Table 2 of Appendix II gives
values of C,,, for select » and r. Many calculators have a key
designated nCr that gives the value of C,, directly.
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An airline knows that 5% of the persons making reservations will not show
up at the gate. On a given flight that can seat 50 people, 52 tickets have
been sold. Calculate the probability that there will be a seat available for

every passenger that will arrive at the gate.
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p=np o = \Jnp(1- p)

n= %P(rz)n: % Ak nplgN " = % N: pi PN
S (N—=n)!n! ["dp ’

o | N | ~ J _
n=p- Z( & =P$(P+Q)N=PN(P+Q)N L= pN.

Same method for calculated standard deviation.
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Geometric probability distribution

P(n) = p(1 — p)” !

where 7 is the number of the trial on which the first success occurs (n = 1,
2, 3, ...)and p is the probability of success on each trial. Nofe: p must be
the same for each trial.

Using some mathematics (involving infinite series), it can be shown that
the population mean and standard deviation of the geometric distribution are

V1-—p
and o=—

1
o=
p p
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The Poisson distribution is popular for modeling the number of times an event occurs

in an interval of time or space.

A discrete random variable X is said to have a Poisson distribution with parameter
A>0iffork=0,1, 2, ..., the probability mass function of X is given by:

Mg

fk;A) =Pr(X = k) = ——,

k is the number of occurrences

The positive real number A is equal to the expected value of X and also to its variance

A = E(X) = Var(X).
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* Example: In a particular river, overflow floods occur once every 100 years on average.

Calculate the probability of two overflow floods in a 100-year interval, assuming the

Poisson model is appropriate

Neg—A 1¥e-1

P(k overflow floods in 100 years) =

~ 0.184

P(k = 2 overflow floods in 100 years) = T
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e Probability that X lies between the values a and b is the area under the graph of

f X(x) defined by x=a and x=b

b
Prla < X <} :f fx(z)dx.

() Pr(a<x<b)

. S =1
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= Cumulative distribution function (CDF) :

e The CDF is the integral between -co and x of fX(x)

Fx(z) = /_; fx(u) du

= moment of ordern: Uy = /f(x)x”dx = E[X”],

Probabilistic Power System Analysis 24
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e Mean value:

_ 1\ o
X:ijﬂ(x)dx:(ﬁij,- = E[X]= 2 flxj),

e \Variance:
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e Skewness:

Negative Skew Positive Skew
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e For arandom variable with a uniform 1
distribution in the range (a, b): ro R T H
| |
ﬁ fora <z <, | !
flz) = | |
|
0 forx <aorx >0> : I
L A
0 a b X
e Mean: 1= a+b e Variance:
2 b —a
O' =
V12
e Example:
X ~ U(0,23) Find P(2<X<18):
1 16
P2 <X <18)= (18— 2)- — .
(2< ) = ) 23 -0 23
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13.5% 34% 24% 13559

D 5% 250 e

p—2o §o # pta wtio

PY>u)=050 P(u—oc<Y<u+o)=0.68 P(u—-20<Y<u+20)=0.95
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X —H 1 ~(x-p)*/20°
F.(x)=p>—* f(x) = e
< 99.72% >
M—9544% —*
Where: 68.26% 1

U is the mean

o is the standard deviation
7 = 3.1459

e=2.71828

X

u-30 . u-lo * u+l1loc - u+3c
u-20o u+22o
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+00
’u — j X f (x )dx ——) | NiS cannot be calculated
J X
—00

analytically

/

] i \27n 2
e(x ,u)/ZO'dx

o\2m

P(a<x Sb)zjb

l

This has no analytical answer ===  Solution: Standard normal distribution
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Suppose X~“N(u, o)

(X—w)/ o is also a normal random variable; we will denote it by Z:
Z=(X—w/o

7. has mean 0 and standard deviation 1:

E(Z)=u=0;SD(Z)=c=1.
Z ~N(0, 1)

The probability distribution of Z is called the standard normal distribution.
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Distributions f(x) and F(x)

(Exponential distribution) ol 2595 U

Random Variable X
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* Rayleigh distribution is a special case of Weibull distribution.
e Used for two dimension winds peed modeling
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L / k=2 ===p Rayleigh

jk
=  Weibull distribution widely used

k= shape parameter (dimensionless) for wind speed modelling in
power systems
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\ k=1 =—=p Exponential

n|><

CDF e [ (x)=1-exp —(

c = scale parameter (same units as X)

X must be positive, but no upper limit.
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f.(X) (1):: A \
Pl A

0.6

ool f/ TN

0.0

Special cases : k=1 Exponential distribution

k=2 Rayleigh distribution
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* Wind speed and direction are available and cannot be separated for analysis.
Or

* Location and type of fault are available and need to be considered simultaneously.

l

FX,Y(xay): Z Zp(xiﬂyi)

X;<xY,;<y

This would be marginal if each of

them is computed individually. P(X =X; ) = ZP (xi ’yi)
Yi
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P, (x,y)=P, (x)P,(y) =mp  Example19-Ch3

oy () = L (520
F.,(x,y)=pX <x,Y <y) Sy W) Ox Oy

Fo c)=[ [ foUxuau  Fye)=[ [7f @,y
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e Covariance indicates the measurements and relationships between x and y.

Cov(x,y)=E((x —p.),(y —p,))=EXY )-EWX)EQX )

If X and Y independent: —> Cov(x,y)=0

EXY)=EWX)EQY)

L ]
- “ . ° ®
-
™ L ]
[ ]
™ L L
] . ] - ] -
]
. ® L ] [ ]
] L -
Large negative covariance Mear zero covariance Large positive covariance
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Correlation coefficient

B Cov(x,y)
p_
0,0,
p=-1
0< p <+1 o= +1

Covariance U

. p=0
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